Abstract. The concentration C(x, t) of a solute in a saturated porous medium is governed by a second-order parabolic equation OC/dt =-U0b" V C +1/2 DjO2C/xi Oxj. In the case that b is periodic and divergence free, and Di are constants and ((D)) positive definite, the concentration is asymptotically Gaussian for large times. This article analyzes the dependence of the dispersion matrix K of the limiting Gaussian distribution on the velocity parameter U0 and the period "a." It is shown that each coefficient K, 
In (1.1) , Uob(x/a) Uo(bl(X/a), b2(x/a)," ., b,(x/a)) denotes the solute drift velocity vector, D(x/a) ((Do(x/ a))) is a positive-definite symmetric matrix, and Uo, a are positive scalars. The parameters Uo and a scale liquid velocity and spatial length, respectively. Although in the physical context n 3, for mathematical purposes we let n be arbitrary.
The solution C(x, t) of (1.1) is given by (Friedman (1975, pp. 139-144) ), (1.2) C(x, t)= f h(z)p(t; z,x) dz, where h is the continuous, bounded, initial concentration, and p(t; z, x) is the fundamental solution of (1.1) . Conditions on the coefficients bi(x), Dig(x) that guarantee the uniqueness and necessary smoothness of the fundamental solution are assumed throughout. Now p(t; z, x) is also the transition probability density function of the Markov process X(t) defined by It6's stochastic differential equation (1. 3) dX(t) Uob(X(t)/a) dt+tr(X(t)/a) dB(t), X(0) =z, where or(x) is the positive-definite matrix the square of which is D(x) and B(t)= (B(t), B2(t), ''', Bn(t) ) is an n-dimensional standard Brownian motion process. Analyzing the asymptotic behavior of C(x, t) for large is equivalent to analyzing the asymptotic behavior of X(t) for large t. To be more specific, suppose that the stochastic process (1.4) Z(t)-= e[X(t/e2) e-2Uot] converges in distribution, as e $ 0, to a Brownian motion with zero mean and a dispersion matrix K-((K0)). Here b=(b,..., bn) is a suitable constant vector interpreted as the large scale average of b(x). In other words, suppose that a central limit theorem (CLT) holds for X(t). Now the probability distribution of Z(t) has the density (at x) e-p(e-2t; z, e-Ix+ e-2tUoa) if X(0) =z. Hence the CLT asserts that e-"p(e-t;z, e-x+e-EtUoa)dx converges weakly, as e $0, to the Gaussian distribution:
Here K is the (i,j) element of the matrix K-. Thus as e $0 we obtain (1.6) e-"C( l?.-Ix + e-2tgo , e-2t) dx-Cod( t, x) dx where Co is the total initial concentration.
From here on we will refer to ((D)) as the small scale dispersion matrix and ((Kj)) as the large scale dispersion matrix.
CLTs such as described above have been derived for periodic coefficients Dij, b
in Bensoussan, Lions, and Papanicolaou (1978) and Bhattacharya (1985) . Under the assumption that the elliptic operator on the right-hand side of (1.1) is self-adjoint, Kozlov (1979 ), (1980 ), and Papanicolaou and Varadhan (1979 have proved such CLTs for the case where the coefficients are stationary, ergodic random fields. An extension to the nonself-adjoint case for almost periodic coefficients, when the large scale velocity b is nonzero, is given in Bhattacharya and Ramasubramanian (1988) . Papanicolaou and Pironeau (1981) also deal with a nonself-adjoint case when the coefficients constitute a general ergodic random field and b 0. Such problems arise in analyzing the movement of contaminants in saturated porous media such as aquifers as well as in laboratory columns. The dependence of K on Uo has been studied experimentally in laboratory columns (see, e.g., Fried and Combarnous (1971) ). The spatial scale parameter a is fixed in such experiments. In aquifers, on the other hand, the main interest from the point of view of long term prediction lies in the analysis of K as a function of the scale parameter a for a fixed velocity field, and therefore for a fixed Uo (Gupta and Bhattacharya, (1986) This proves the proposition.
It may be remarked that in a periodic model a is simply the period (Gupta and
Bhattacharya (1986)). In an ergodic random field model (see Gelhar and Axness (1983) , Winter et al. (1984) ), a may be taken to be the characteristic correlation length. Fried and Combarnous (1971) give an account of the fairly extensive laboratory experiments that have been done to study the effect of increase in velocity on dispersion in porous media. A broad mathematical justification of these experimentally observed relationships appears in Bhattacharya and Gupta (1983 Bhattacharya (1985) that the large scale dispersion coefficients are given by (3.6)
It is convenient to work with the following spaces of (equivalence classes of) complex-valued functions on T:
H={h" f T - [h(x) for every flow curve t, f(t)), 0 <-_ <-_ 1. Then f R. Proof. For each x T, we write uniquely x-(xl,(xl)) for a flow curve (t,f(t)) and define
Since f and b are C 1, so is h. Furthermore, for x e T, Example 3.6 (Gupta and Bhattacharya (1986)). Take n 3, and b(x) (bl, 1 +sin 27rxl, sin 2"trXl).
Then f b-b, 1, 2, 3, satisfy the hypothesis of Lemma 3.4, and each E, and K, is O(1). It follows from the remarks after the proof of Lemma 3.3 that each K 0 is O(1).
In Example 3.2, each E 0. and K 0. is O(U) for i,j 1, 2; in Example 3.6, each E 0 and K 0 is O(1). We give an additional example in which E2 and K are O(U2o) and all other E0's and K0's are O(1).
Example 3.7. Let n 3, and b3(x) 2 + (cos 27rx1)(COS 27"t'x2) bl(x) 2 +sin 27rXl, bl(x) 0. Then Ell 0 and Kll Dll. Also Since b2 > 0, it follows from Lemma 3.4 (with n 2) applied to the function f on the right-hand side of (3.19) that E33 is O(1) and K33 D33 + O(1). A direct computation shows that E23---E32--0 and K23--D23.
The above examples subtly reflect the influence of the geometry of the flow curves on the asymptotic behavior of the E's and K0's. The tools developed here can be used to bring out this geometrical influence. In the remainder of this section, we illustrate how this can be done by making assumptions about the geometry of the flow curves and obtaining statements about the asymptotic behavior of the E's and K's.
While these statements apply only to somewhat specialized situations, they and their proofs suggest promising directions for future work. They also show the type of asymptotic behavior that is possible in situations that come naturally to mind. Our first result is another corollary of Lemma 3.4.
COROLLARY 3.8. Suppose that for some i, 2 <-i<-_ n, every flow curve is periodic in the ith component, i.e., xi(O) xi (1) for every flow curve (t, (t)) (t, x2(t), ", x(t)), 0 <-_ <-1. Then bi 0 and the conclusions of Lemma 3.3 hold.
Proof We have We assume not only that b > 0 in T but also that the difference between any two flow curves is constant as Xl varies. This is equivalent to assuming that for 2, , n, the ratio bi(x)/bl(X depends only on x. Under this assumption, the flow curves can be conveniently described as follows: Let (t,(t)), 0_-< t_-< 1, be the flow curve passing through the origin, i.e., such that (0)= 0; then every other flow curve can be written as (t, 0 + (t)), 0 -< =< 1, for an appropriate o. But this is to say that the directional derivative of b along each flow curve is zero, and the proposition follows from Lemma 3. Let (t, o+(t)), 0= < t_<l, be an arbitrary flow curve. For x= (x,) S, define q,(x) 'k (X--Xo--X(X,)), k= 1,2,'' ". Each q'k is constant along every flow curve and so belongs to N. Also, for x (x, ), (3.20) lim q'k(X)= 6(X--o--X(X,)) in the sense of distributions on "-. Then
The last equality follows from (3.20) by periodicity even when the flow curve is not contained in T. Since b is constant along the flow curve by Proposition 3.9, (3.21) implies +(t)) dt=O. b,(t,o+(t))
Since the flow curve is arbitrary, it follows from Corollary 3.5 that f R.
We offer a final example on which Corollary 3.8, Proposition 3.9, and Theorem 3.10 are applicable.
Example 3.11. Let : be any C 2 function on 9t that is periodic with period one and such that so(0)= :(1)=0. We take n 2 and construct b:.9i2 9] 2 such that the flow curves in S are the curves (3.22) t, x2( t)) t, x2(O) + ( t)), 0<=t<-l. Let r/ be any C function on that is periodic with period one and that is always positive. For x (x, x2) 2, set b,(x) r/(s(x,)-x2) and b2(x) '(x)q((Xl)-X_).
Then V b(x) 0 for x 2. Also b2(x)/b(x) s'(x), and so the flow curves are given by (3.22) . Note that every flow curve is periodic in the second component, i.e., x2(0) x(1) for every flow curve. As a concrete example, take b(x)=2 +sin (27r(sin (2rx,)-x2)), b2(x)=27r cos (27rx,)b(x). 
